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Variational Perturbation Theory
A powerful and yet mathematically simple method of resumming divergent perturbation expan-
sions for critical exponents is provided by variational perturbation theory. This is a systematic
extension of a variational approximation to path integrals, proposed some time ago by Feynman
and Kleinert [1], to any desired order and accuracy [2]. The understanding of its convergence
properties was greatly helped by pioneering mathematical work of Seznec and Zinn-Justin [3].
For an anharmonic oscillator, the expansions of energy eigenvalues converge uniformly and ex-
ponentially fast, like e−const×L1/3
in the order L of the approximation. The uniformity of the
convergence makes it possible to derive convergent strong-coupling expansions from divergent
weak-coupling expansions. It turns out that the speed of convergence of the approach is gov-
erned by the ﬁnite convergence radius of the strong-coupling expansion: the constant in the
above exponential is directly related to the convergence radius [4].
Since convergent strong-coupling expansions can be obtained so easily from divergent weak-
coupling expansions, it is straightforward to develop a simple algorithm for ﬁnding uniformly
convergent optimal inteations to functions for which both several weak-coupling and strong-
coupling expansion coeﬃcients are known [5].
19.1 From Weak- to Strong-Coupling Expansions
We shall apply this algorithm to the calculation of the renormalization constants of φ4-theories
for all coupling strengths, from which we can extract the limit of inﬁnite bare coupling constant
λB. As we shall see, this limit corresponds precisely to the ﬁxed point g∗ of the renormalized
coupling g. The reason for this is that a perturbation expansion of the φ4-theory in 4 − ε
dimensions produces series of the form
fL(gB) =
L  
n=0
fng
n
B, (19.1)
where gB = λB/ ε is the dimensionless bare coupling constant. In a massive theory, the mass
parameter   can be chosen to be equal to the renormalized mass m. The approach to the critical
point m → 0 corresponds then to the limit gB → ∞, which is the same as the strong-coupling
limit in the bare coupling constant λB. By performing this limit, we shall be able to reproduce
the critical exponents obtained in the last chapter from the renormalization group equation.
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19.2 Strong-Coupling Theory
Let us ﬁrst explain in general how a divergent weak-coupling expansion of the type (19.1) may
be turned into a strong-coupling expansion
f
M(gB) = g
p/q
B
M  
m=0
bm(g
−2/q
B )
m, (19.2)
which has a ﬁnite convergence radius gs. The leading power p/q of gB is the parameter s in the
previous resummation procedure in Eqs. (16.54), (16.61), and in Subsection 16.6.1.
Examples treated in the literature [5] are the anharmonic oscillator with parameters p =
1/3, q = 3 for the energy eigenvalues; and the Fr¨ ohlich polaron with p = 1, q = 1 for the ground-
state energy, and p = 4, q = 1 for the mass. For the mass of the polaron, the summation gives
quite diﬀerent results from Feynman’s, calling for further studies of this system.
The ﬁrst step is to rewrite the weak-coupling expansion with the help of an auxiliary scale
parameter κ [6]:
fL(gB) = κ
p
L  
n=0
fn
 gB
κq
 n
, (19.3)
where κ is eventually set equal to 1. We shall see below that the quotient p/q parametrizes the
leading power behavior in gB of the strong-coupling expansion, whereas 2/q characterizes the
approach to the leading power behavior.
In the second step, we replace κ by the identical expression
κ →
√
K2 + κ2 − K2 (19.4)
containing a dummy scaling parameter K. The series (19.3) is then re-expanded in powers
of gB up to the order L, thereby treating κ2 − K2 as a quantity of order gB. The result is
most conveniently expressed in terms of dimensionless parameters ˆ gB ≡ gB/Kq and σ(K) ≡
(1 − ˆ κ2)/ˆ gB, where ˆ κ ≡ κ/K [suppressing gB and κ in the arguments of σ(K)]. Then the
replacement (19.4) becomes
κ −→ K(1 − σˆ gB)
1/2, (19.5)
so that the re-expanded series reads explicitly
WL(gB,K) = K
p
L  
n=0
εn(σ(K))ˆ g
n
B, (19.6)
with the coeﬃcients:
εn(σ) =
n  
j=0
fj
 
(p − qj)/2
n − j
 
(−σ)
n−j. (19.7)
For any ﬁxed gB and κ, we form the ﬁrst and second derivatives of WL(gB,K) with respect
to K, calculate the K-values of the extrema and the turning points, and select the smallest of
these as the optimal scaling parameter KL. The function WL(gB) ≡ WL(gB,KL) constitutes
the Lth variational approximation fL(gB) to the function f(gB).
It is easy to take this approximation to the strong-coupling limit gB → ∞. For this we
observe that (19.6) depends on its variables as follows:
WL(gB,K) = K
pwL(ˆ gB, ˆ κ
2). (19.8)
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For dimensional reasons, the optimal KL increases for large gB like KL ≈ g
1/q
B cL, so that ˆ gB
becomes asymptotically constant, say ˆ gB → c
−q
L and σ → 1/ˆ gB → c
q
L, implying that they remain
ﬁnite in the strong-coupling limit. The dimensionless ˆ κ2 tends to zero like 1/[cL(gB/κq)1/q]2.
Thus WL(gB,KL) behaves for large gB like
WL(gB,KL)≈g
p/q
B c
p
LwL(c
−q
L ,0). (19.9)
In this limiting form, cL plays the role of the variational parameter to be determined by the
optimal extremum or turning point of c
p
LwL(c
−q
L ,0).
The full strong-coupling expansion is obtained by expanding wL(ˆ gB, ˆ κ2) in powers of ˆ κ2 =
(gB/κqˆ gB)−2/q at ˆ gB = c
−q
L . The result is
WL(gB) = g
p/q
B
 
¯ b0(ˆ gB) +¯ b1(ˆ gB)
 gB
κq
 −2/q
+¯ b2(ˆ gB)
 gB
κq
 −4/q
+ ...
 
(19.10)
with
¯ bn(ˆ gB) =
1
n!
w
(n)
L (ˆ gB,0)ˆ g
(2n−p)/q
B , (19.11)
where w
(n)
L (ˆ gB, ˆ κ2) is the nth derivative of wL(ˆ gB, ˆ κ2) with respect to ˆ κ2. Explicitly:
1
n!
w
(n)
L (ˆ gB,0) =
L  
l=0
(−1)
l+n
l−n  
j=0
fj
 
(p − qj)/2
l − j
  
l − j
n
 
(−ˆ gB)
j. (19.12)
The optimal expansion of the energy (19.10) is found by expanding
ˆ gB = c
−q
L
 
1 + γ1
 gB
κq
 −2/q
+ γ2
 gB
κq
 −4/q
+ ...
 
, (19.13)
and ﬁnding the optimal extremum (or turning point) in the resulting polynomials of γ1,γ2,... .
Setting the auxiliary scale parameter equal to unity, we obtain a strong-coupling expansion in
powers of g
−2/q
B :
WL(gB) = g
p/q
B
 
b0 + b1 (gB)
−2/q + b2 (gB)
−4/q + ...
 
, (19.14)
which is of the desired type (19.2). In practice, the coeﬃcients bn are determined successively
as follows. First we optimize ¯ b0(ˆ gB) at ˆ gB = c
−q
L and obtain b0 = ¯ b0(c
−q
L ). At the same value
of ˆ gB we calculate b1 = ¯ b1(c
−q
L ) and the coeﬃcients ¯ bi(c
−q
L ) (i = 2,3,...), and their derivatives
¯ b′
i(c
−q
L ), ¯ b′′
i(c
−q
L )... . From these we determine the remaining optimized coeﬃcients bi in the
strong-coupling expansion (19.14) by combining ¯ bi(c
−q
L ), as speciﬁed in Table 19.1 .
Table 19.1 Combinations of functions ¯ bn(c
−q
L ) determining coeﬃcients bn of strong-coupling expansion
(19.14). The arguments c
−q
L of ¯ bn,¯ b′
n,¯ b′′
n are suppressed.
m bm − γm−1
2 ¯ b2 + γ1¯ b′
1 + 1
2γ2
1¯ b′′
0 ¯ b′
1/¯ b′′
0
3 ¯ b3 + γ2¯ b′
1 + γ1¯ b′
2 + γ1γ2¯ b′′
0 + 1
2γ2
1¯ b′′
1 +1
6γ3
1¯ b
(3)
0 (¯ b′
2 + γ1¯ b′′
1 + 1
2γ2
1¯ b
(3)
0 )/¯ b′′
0
4 ¯ b4 + γ3¯ b′
1 + γ2¯ b′
2 + γ1¯ b′
3 + (
1
2γ2
2 + γ1γ3)¯ b′′
0 (¯ b′
3 + γ2¯ b′′
1 + γ1¯ b′′
2 + γ1γ2¯ b
(3)
0
+γ1γ2¯ b′′
1 +
1
2γ2
1¯ b′′
2 +
1
2γ2
1γ2¯ b
(3)
0 +
1
6γ3
1¯ b
(3)
1 +
1
24γ4
1¯ b
(4)
0 +
1
2γ2
1¯ b
(3)
1 +
1
6γ3
1¯ b
(4)
0 )/¯ b′′
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This procedure will be applied to renormalization group functions in Sections 19.5 and 20.1.
There we shall be dealing only with functions f(gB) which go to a constant f∗
L in the strong-
coupling limit. Thus we have p = 0, and the critical exponents follow from the ﬁrst term in the
expansions (19.14). It is given by (19.11) for n = 0, which we shall write as
f
∗
L = opt
ˆ gB
  L  
l=0
flˆ g
l
B
L−l  
k=0
 
−ql/2
k
 
(−1)
k
 
, (19.15)
where the expression in square brackets has to be optimized in the variational parameter ˆ gB.
Mnemonically, a better way to express this formula is
f
∗
L = opt
ˆ gB
  L  
l=0
flˆ g
l
B [1 − 1]
−ql/2
L−l
 
, (19.16)
where the symbol [1 − x]
−ql/2
L−l denotes the binomial expansion of (1 − x)−ql/2 up to the power
L − l in the second argument x:
[1 − x]
−ql/2
L−l ≡
L−l  
k=0
 
−ql/2
k
 
(−x)
k. (19.17)
19.3 Convergence
The number of weak-coupling coeﬃcients calculated so far for φ4-theories in 4 − ε dimensions
is limited to L = 5 (see Chapter 17). Thus it will be important to know the speciﬁc way
in which the approximations WL(gB) approach the ﬁnal result W∞(gB). We shall derive this
behavior in general [6, 7] for any strong-coupling parameters p and q. Let us remove the factor
κp from the function f(gB), deﬁning the reduced quantity ˜ f(˜ gB) = f(gB)/κp as a function of
the reduced coupling constant ˜ gB ≡ gB/κq. We further assume the strong-coupling growth g
p/q
B
of the function f(gB) to be less than linear, so that ˜ f(˜ gB) satisﬁes a once-subtracted dispersion
relation (compare the discussion in Section 16.1):
˜ f(˜ gB) = f0 +
˜ gB
2πi
  −∞
0
d˜ g′
B
˜ g′
B
disc ˜ f(˜ g′
B)
˜ g′
B − ˜ gB
, (19.18)
where disc ˜ f(˜ gB) is the discontinuity across the left-hand cut in the complex gB-plane:
disc ˜ f(˜ gB) = ˜ f(˜ gB + iη) − ˜ f(˜ gB − iη) = 2iIm ˜ f(˜ gB + iη) for ˜ gB < 0, (19.19)
with η being an inﬁnitesimal positive number. An expansion of the integrand in powers of
˜ gB up to ˜ gL
B reproduces of course the initial perturbation series (19.3), where the expansion
coeﬃcients are moment integrals over the discontinuity:
ak =
1
2πi
  0
−∞
d˜ gB
˜ g
k+1
B
disc ˜ f(˜ gB). (19.20)
The dispersion relation (19.18) can also be used to derive moment integrals for the re-
expansion coeﬃcient εl(σ) in (19.6) and (19.7). For the dimensionless coupling constant ˜ gB,
the replacement (19.5) becomes
˜ gB −→ ˜ GB(ˆ gB) ≡
ˆ gB
(1 − σˆ gB)q/2. (19.21)
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Because of the prefactor κp in (19.3), the replacement (19.4) also produces a prefactor Kp/κp =
(1−σˆ gB)p/2 to the function f(gB). For the reduced function ˆ f(ˆ gB) ≡ f(gB)/Kp, which depends
only on the reduced coupling constant ˆ gB, we thus obtain a dispersion relation
ˆ f(ˆ gB) = (1 − σˆ gB)
p/2
 
f0 +
˜ GB(ˆ gB)
2πi
  0
−∞
d˜ g′
B
˜ g′
B
disc ˜ f(˜ g′
B)
˜ g′
B − ˜ GB(ˆ gB)
 
. (19.22)
This function satisﬁes a dispersion relation in the complex ˆ gB-plane. If C denotes the image
of the left-hand cut in the original dispersion relation (19.18) as it arises from the mapping
(19.21), and if discCf(ˆ gB) denotes the discontinuity across this cut, the dispersion relation reads
ˆ f(ˆ gB) = f0 +
ˆ gB
2πi
 
C
dˆ g′
B
ˆ g′
B
discC ˆ f(ˆ g′
B)
ˆ g′
B − ˆ gB
. (19.23)
An expansion of the integrand in powers of ˆ gB yields moment integrals for the desired re-
expansion coeﬃcients εk(σ):
εk(σ) =
1
2πi
 
C
dˆ gB
ˆ g
k+1
B
discC ˆ f(ˆ gB). (19.24)
The discontinuity in these integrals can be derived from the dispersion relation (19.22). The
function ˜ GB(ˆ gB) in (19.21) carries the left-hand cut in the complex ˜ gB-plane over into several
cuts in the ˆ gB-plane. In Fig. 19.1 we show the image cuts for q = 3, where the critical exponent
Figure 19.1 Image of left-hand cut in complex ˆ gB-plane for q = 3 -mapping (19.21).
of the approach to scaling is ω = 2/3, as in the quantum-mechanical anharmonic oscillator.
The cuts run along the contours C1, C¯ 1, C2 ,C¯ 2, C3, the last being caused by the powers q/2
and p/2 of 1−σˆ gB in the mapping (19.21) and the prefactor in (19.22), respectively. Let ˜ D(˜ gB)
abbreviate the reduced discontinuity (19.19):
˜ D(˜ gB) ≡ disc ˜ f(˜ gB) = 2iIm ˜ f(˜ gB + iη), ˜ gB ≤ 0. (19.25)
Then the discontinuities across the various cuts are
disc
C1,¯ 1,2,¯ 2
ˆ f(ˆ gB) = (1 − σˆ gB)
p/2 ˜ D(ˆ gB(1 − σˆ gB)
−q/2), (19.26)
disc
C3
ˆ f(ˆ gB) = −2i(σˆ gB − 1)
p/2 ×
 
f0 +
  ∞
0
d˜ g′
B
2π
ˆ gB(σˆ gB − 1)−q/2
˜ g′
B
2 + ˆ g2
B(σˆ gB − 1)−q
˜ D(−˜ g
′
B)
 
. (19.27)
For small negative ˜ gB, the discontinuity is given by a standard semiclassical approximation
with the typical form
˜ D(˜ gB) ≈ i const × ˜ g
b
B e
a/˜ gB. (19.28)334 19 Variational Perturbation Theory
The exponential plays the role of a Boltzmann factor for the activation of a classical solution
to the ﬁeld equations, whereas the prefactor accounts for the entropy of the ﬁeld ﬂuctuations
around this solution.
Let us denote by εk(Ci) the contributions of the diﬀerent cuts to the integral (19.24). After
inserting (19.28) into (19.26), we obtain from the cut along C1 the semiclassical approximation
εk(C1) ≈ const ×
 
C1
dˆ gB
2π
1
ˆ g
k+1
B
(1 − σˆ gB)
p/2−bq/2ˆ g
b
B e
a(1−σˆ gB)q/2/ˆ gB. (19.29)
For the kth term of the series Sk ≡ εkˆ gk
B, this yields the large-k estimate
Sk ∝
  
Cγ
dγ
2π
e
hk(γ)
 
γ
k, (19.30)
where γ ≡ σˆ gB, and hk(γ) is the function
hk(γ) ≈ −k log(−γ) +
aσ
γ
(1 − γ)
q/2 + (b − 1)log(−γ) + ... . (19.31)
For large k, the saddle point approximation yields via the extremum at γ −→
k→∞
γk = −aσ/k:
hk −→
k→∞
klog(k/eaσ) − aqσ/2 + (b − 1)log
aσ
k
+ ... . (19.32)
The constant −aqσ/2 in this limiting expression arises when expanding the second term of
Eq. (19.31) into a Taylor series, (aσ/γ)(1 − γ)q/2 = aσ/γk − aqσ/2 + ... . Only the ﬁrst two
terms in (19.32) contribute to the large-k limit. Thus, to leading order in k, the kth term of
the re-expanded series becomes
Sk ∝ e
−aqσ/2
 
−k
e
 k
ˆ g
k. (19.33)
The corresponding re-expansion coeﬃcients
εk ∝ e
−aqσ/2fk (19.34)
have the remarkable property of growing in precisely the same manner with k as the initial
expansion coeﬃcients hk, except for an overall suppression factor e−aqσ/2.
To estimate the convergence of the variational perturbation expansion (19.6), we note that
σˆ g = 1−ˆ κ2 is smaller than unity for large K, so that the powers (σˆ g)k by themselves would yield
a convergent series. An optimal re-expansion of the reduced function ˆ f(ˆ gB) can be achieved by
choosing, for a given large maximal order L of the expansion, a parameter σ proportional to L:
σ ≈ σL ≡ cL. (19.35)
Inserting this into (19.31), we obtain for large k = L
hL(γ) ≈ L
 
−log(−γ) +
ac
γ
(1 − γ)
q/2
 
. (19.36)
The extremum of this function lies at a γ-value satisfying the equation
1 +
ac
γ
(1 − γ)
q/2−1
 
1 +
 q
2
− 1
 
γ
 
= 0. (19.37)
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The constant c may be chosen in such a way that the large exponent proportional to L in
the exponential function ehL(γ) arising from the ﬁrst term in (19.36) is canceled by an equally
large contribution from the second term, i.e., we require at the extremum
hL(γ) = 0. (19.38)
The two equations (19.37) and (19.38) are solved by certain constant values of γ < 0 and c. In
contrast to the extremal γ of Eq. (19.31) which dominates the large-k limit, the extremal γ in
the present limit, in which k is also large but of the same size as L, remains ﬁnite (the previous
estimate held for k ≫ L). Accordingly, the second term (ac/γ)(1 − γ)q/2 in hL(γ) contributes
in full, not merely via the ﬁrst two Taylor expansion terms of (1 − γ)q/2 as it did in (19.32).
Since hL(γ) vanishes at the extremum, the Lth term in the re-expansion has the order of
magnitude
SL(C1) ∝ (σLˆ gB)
L =
 
1 −
1
K2
L
 L
. (19.39)
According to (19.35), the scale parameter KL grows for large L like
KL ∼ σ
1/q
L g
1/q
B ∼ (cLgB)
1/q. (19.40)
As a consequence, the last term of the series decreases for large L like
SL(C1) ∝
 
1 −
1
(σLgB)2/q
 L
≈ e
−L/(σNgB)2/q
≈ e
−L1−2/q/(cgB)2/q
. (19.41)
This estimate does not yet explain the exponentially fast convergence of the variational
perturbation expansion in the strong-coupling limit [8]. For the contribution of the cut C1
to SL, the derivation of such a behavior requires including the approach of σL to the large-L
behavior (19.35), which has the same general form as the strong-coupling expansion (19.10),
σL ∼ cL
 
1 +
c′
L2/q + ...
 
, (19.42)
as it turns out with positive c′. By inserting this σL into hL(γ) of (19.36), we ﬁnd an extra
exponential factor which dominates the large-L behavior at inﬁnite coupling ˆ gB:
e
∆hL ≈ exp
 
−Llog(−γ)
c′
L2/q
 
≈ e
−c′′L1−2/q
. (19.43)
What about the contributions of the other cuts? For C¯ 1, the integral in (19.24) runs from
ˆ g = −2/σ to −∞ and decrease like (−2/σ)−k. The associated last term SL(C¯ 1) is of the
negligible order e−LlogL. For the cuts C2,¯ 2,3, the integral (19.24) starts at ˆ g = 1/σ and has
therefore the leading behavior
εk(C2,¯ 2,3) ∼ σ
k, (19.44)
yielding at ﬁrst a contribution to the Lth term in the re-expansion of the order of
SL(C2,¯ 2,3) ∼ (σˆ g)
L, (19.45)
which decreases merely like (19.41) and does not explain the empirically observed convergence in
the strong-coupling limit. The important additional information [9] is that the cuts in Fig. 19.1
do not really reach the point σˆ g = 1. There exists a small circle of radius ∆ˆ g > 0 in which ˆ f(ˆ g)336 19 Variational Perturbation Theory
has no singularities at all. This is a consequence of the fact, unused up to this point, that the
strong-coupling expansion (19.10) converges for gB > gs. For the reduced function ˆ f(ˆ gB), this
expansion reads
ˆ f(ˆ g) = (ˆ gB)
p/q


b0 + b1
 
ˆ gB
(1 − σˆ gB)q/2
 −2/q
+ b2
 
ˆ gB
(1 − σˆ gB)q/2
 −4/q
+ ...


.
(19.46)
The convergence of (19.10) for gB > gs implies that (19.46) converges for all σˆ gB in a neigh-
borhood of the point σˆ gB = 1 with a radius
∆(σˆ gB) =
 
 
   
 
ˆ gB
˜ gs
 
 
   
 
2/q
, (19.47)
where ˜ gs ≡ gs/κq. For large L, the denominator Kq in ˆ gB on the right-hand side makes ∆(σˆ gB)
go to zero like
∆(σˆ gB) ≈
1
(L|˜ gs|c)2/q. (19.48)
Thus the integration contours of the moment integrals (19.24) for the contributions εk(Ci) of
the other cuts do not begin at the point σˆ g = 1, but a little distance ∆(σˆ g) away from it. If
q < 4, i.e., if ω > 1/2, the intersection points of the small circle with the cuts C2 and C¯ 2 have
a real part larger than unity. This produces a suppression factor to the previous result (19.44)
of the integral (19.24):
(σˆ gB)
−L ∼ [1 + ∆(σˆ gB)]
−L , (19.49)
bringing the last term of the series SL to
SL(C2,¯ 2,3) ∼ (σˆ gB)
L 1
[1 + ∆(σˆ gB)]L (19.50)
instead of (19.45). Inserting (19.48), we ﬁnd that this goes to zero with the same characteristic
behavior (19.43) as the contribution from the cut C1:
SL(C2,¯ 2,3) ≈ e
−c′′′L1−ω
, c
′′′ > 0. (19.51)
Such a behavior therefore characterizes the convergence for L → ∞, which will be needed in
Sections 19.5 and 20.1 to extrapolate ﬁnite-L results to L → ∞.
19.4 Strong-Coupling Limit and Critical Exponents
In the examples treated in the original Ref. [6], the strong-coupling parameters p and q were
known. In the present ﬁeld system, only p is known to be zero if we assume the system to have
experimentally observed scaling properties. Then there exists an infrared-stable ﬁxed point g∗,
and the strong-coupling expansion for the expansion of g in powers of gB will have a large-gB
behavior of the form [10]
g(gB) = g
∗ −
const
g
ω/ε
B
+ ... . (19.52)
The assumption of a strong-coupling scaling of this form is equivalent to the assumption that
the β-function has a zero g∗. Rewriting the β-function as −εdg/dloggB and integration with
Eq. (10.103) results in (19.52).
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In the general framework of Section 19.2, we have to resum the series
gL =
L  
n=1
fng
n
B (19.53)
with the strong-coupling parameters p = 0 and q = 2ε/ω [compare expansion (19.10)].
Both p and q can be determined to any desired accuracy from the power series which we
want to resum. Indeed, the ratios p/q and 2/q are obtainable from the strong-coupling limits
of the following inﬁnite set of logarithmic derivatives of WL(gB):
p
q
= F1(∞), F1(gB) ≡
dlogWL(gB)
dloggB
= gB
W ′
L(gB)
WL(gB)
, (19.54)
−
2
q
− 1 = F2(∞), F2(gB) ≡
dlogF ′
1(gB)
dloggB
= gB
F ′′
1 (gB)
F ′
1(gB)
. (19.55)
Under the assumption that the strong-coupling expansion contains only powers of g
−ω
B , there
is an inﬁnite set of further equations
−
2
q
− 1 = F3(∞), F3(gB) ≡
dlogF ′
2(gB)
dloggB
= gB
F ′′
2 (gB)
F ′
2(gB)
, (19.56)
−
2
q
− 1 = F4(∞), F4(gB) ≡
dlogF ′
3(gB)
dloggB
= gB
F ′′
3 (gB)
F ′
3(gB)
, (19.57)
. . . .
For the anharmonic oscillator, these equations are all satisﬁed. In the ﬁeld theoretic perturba-
tion expansions the possible presence of conﬂuent singularities [11] containing powers of g
−ω′
B ,
g
−ω′′
B with exponents ω′′ > ω′ > ω makes the higher equations unreliable.
If the parameter p happens to be zero, which is the case in the application to be considered,
there is a further formula for the parameter q:
−
2
q
− 1 = G1(∞), G1(gB) ≡
dlogW ′
L(gB)
dloggB
= gB
W ′′
L(gB)
W ′
L(gB)
. (19.58)
and in the absence of conﬂuent singularities a further sequence of equations
−
2
q
− 1 = G2(∞), G2(gB) ≡
dlogG′
1(gB)
dloggB
= gB
G′′
1(gB)
G′
1(gB)
, (19.59)
−
2
q
− 1 = G3(∞), G3(gB) ≡
dlogG′
2(gB)
dloggB
= gB
G′′
2(gB)
G′
2(gB)
, (19.60)
. . . .
Formulas (19.54) and (19.58) will be crucial to the development in Sections 19.5 and 20.1. They
enable us to calculate the critical exponent ω of the approach to scalingfrom the power series
expansion (19.53).
When applied to the expansion of g(gB), the logarithmic derivative (19.54) can be written
as
p
q
= s = gB
g′(gB)
g(gB)
. (19.61)338 19 Variational Perturbation Theory
The function on the right-hand side is, up to a factor −εg(gB), equal to the β-function (10.30)
of the renormalization group analysis:
β(gB) = −εgBg
′(gB). (19.62)
This follows directly from the deﬁning equation (10.30). Thus Eq. (19.61) can be rewritten as
p
q
= s = −
β(gB)
εg(gB)
, (19.63)
and the property s = 0 is equivalent to the vanishing of the β-function in the ordinary renor-
malization group analysis.
The critical exponent ω will be calculated by requiring the resummed power series expansion
for (19.63) to vanish in the strong-coupling limit, thus ensuring a constant limit g → g∗:
0 = gB
g′(gB)
g(gB)
 
 
 
   
gB=∞
. (19.64)
Alternatively we may also use Eq. (19.58) to determine
ω
ε
= −1 − gB
g′′(gB)
g′(gB)
 
   
 
 
gB=∞
. (19.65)
It is easy to verify that this equation is completely equivalent to Eq. (10.104), where ω is deﬁned
as the slope of the β-function at g = g∗. Indeed, diﬀerentiating the Eq. (19.62) for the β-function
with respect to g, the chain rule leads directly to (19.65). Equation (19.64) will be used to
determine q = 2ε/ω directly to make the strong-coupling limit vanish. For comparison, the
other equation (19.65) will sometimes be solved as well. This is done recursively, determining
the left-hand side using some initial trial ω in the strong-coupling limit of the right-hand side,
and repeating the procedure with the new ω until it converges. This procedure will be referred
to as the self-consistent determination of ω.
The same exponent ω can be found from the series expansion of any function f(g) of the
renormalized coupling constant g in powers of the bare coupling constant gB, which all behave
for large gB, due to (19.52), like
f(g) = f(g
∗) + f
′(g
∗) ×
const
g
ω/ε
B
+ ... . (19.66)
From the deﬁnitions (10.20), (10.22), (10.23), (10.94), and (10.95) of the renormalization
group functions, we deduce the alternative derivative equations for the critical exponents which
are useful for the upcoming strong-coupling calculations:
ηm(gB) = −ε
d
dloggB
log
m2
m2
B
, η(gB) = ε
d
dloggB
log
φ2
φ2
B
. (19.67)
If we set   = m, we ﬁnd that gB = λB −ε goes to inﬁnity like const × m−ε for m → 0. Thus
the strong-coupling limit is approached for m → 0, implying the power behavior
m2
m2
B
∝ g
−ηm/ε
B ∝ m
ηm,
φ2
φ2
B
∝ g
η/ε
B ∝ m
−η, (19.68)
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where ηm and η are the gβ → ∞ -limits of ηm(gB) and η(gB), the ﬁrst determining the critical
exponent ν via ν = 1/(2 − ηm).
When approaching a second-order phase transition, the bare square mass m2
B vanishes like
τ ≡ T/Tc−1. The renormalized mass m2 will vanish with a diﬀerent power of τ. This power is
obtained from the ﬁrst equation in (19.68), which shows that m ∝ τν. Experiments observe that
the coherence length of ﬂuctuations ξ = 1/m increases near Tc like τ−ν. Similarly we see from
the second equation in (19.68) that the scaling dimension D/2−1 of the bare ﬁeld φB for T → Tc
is changed, in the strong-coupling limit gB → ∞, to D/2 − 1 + η/2, the number η being the
so-called anomalous dimension of the ﬁeld. This implies a change in the large-distance behavior
of the correlation functions  φ(x)φ(0)  at Tc from the free-ﬁeld behavior r−D+2 to r−D+2−η. The
magnetic susceptibility is determined by the integrated correlation function  φB(x)φB(0) . At
zero coupling constant gB, this is proportional to 1/m2
B ∝ τ−1, which is changed by ﬂuctuations
to m−2φ2
B/φ2. This has a temperature behavior m−(2−η) = τ−ν(2−η) ≡ τ−γ, which deﬁnes the
critical exponent γ = ν(2 − η) observable in magnetic experiments.
19.5 Explicit Low-Order Calculations
If the expansions are known to orders L = 2, 3, or 4, we can give analytic expressions for the
strong-coupling limits (19.16).
19.5.1 General Formulas
Setting ρ ≡ 1 + q/2 = 1 + ε/ω, we ﬁnd for L = 2
f
∗
2 = opt
ˆ gB
 
f0 + f1ρˆ gB + f2ˆ g
2
B
 
= f0 −
1
4
f2
1
f2
ρ
2. (19.69)
For L = 3, we obtain from the extrema
f
∗
3 = opt
ˆ gB
 
f0 + 1
2f1ρ(ρ + 1)ˆ gB + f2(2ρ − 1)ˆ g
2
B + f3ˆ g
3
B
 
= f0 −
1
3
¯ f1 ¯ f2
f3
 
1 −
2
3
r
 
+
2
27
¯ f3
2
f2
3
(1 − r), (19.70)
where r ≡
 
1 − 3 ¯ f1f3/ ¯ f2
2 and ¯ f1 ≡ 1
2f1ρ(ρ + 1) and ¯ f2 ≡ f2(2ρ − 1). The positive square root
must be taken to connect g∗
3 smoothly to g∗
2 in the limit of a vanishing coeﬃcient of g3
B. If the
square root is imaginary, the optimum is given by the unique turning point, leading once more
to (19.70) but with r = 0:
f
∗
3 = f0 −
1
3
¯ f1 ¯ f2
f3
+
2
27
¯ f3
2
f2
3
. (19.71)
The parameter ρ = 1 + ε/ω can be determined from the expansion coeﬃcients of a func-
tion F(gB) as follows. Assuming F(gB) to be constant F ∗ in the strong-coupling limit, the
logarithmic derivative f(gB) ≡ gBF ′(gB)/F(gB) must vanish at gB = ∞ [see (19.64)].
If F(gB) starts out as F0 + F1gB + ... or F1gB + F2g2
B + ... , the logarithmic derivative is
f(gB) = F
′
1gB + (2F
′
2 − F
′
1
2)g
2
B + (F
′
1
3 − 3F
′
1F
′
2 + 3F
′
3)g
3
B + ... , (19.72)
where F ′
i = Fi/F0, or
f(gB) = 1 + ˆ F2gB + (2 ˆ F3 − ˆ F
2
2)g
2
B + ( ˆ F
3
2 − 3 ˆ F2 ˆ F3 + 3 ˆ F4)g
3
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where ˆ Fi = Fi/F1. The expansion coeﬃcients on the right-hand sides are then inserted into
(19.69) or (19.70), and the left-hand sides have to vanish to ensure that F(gB) → F ∗.
If the approach F(gB) → F ∗ is of the type (19.66), the function
h(gB) ≡ gB
F ′′(gB)
F ′(gB)
= 2 ˆ F2gB + (−4 ˆ F
2
2 + 6 ˆ F3)g
2
B + (8 ˆ F
3
2 − 18 ˆ F2 ˆ F3 + 12 ˆ F4)g
3
B + ...(19.74)
must have the strong-coupling limit [recall (19.65)]
h(gB) → h
∗ = −
ω
ε
− 1. (19.75)
This is true for both expansions F0 + F1gB + ... and F1gB + F2g2
B + ... .
19.5.2 Perturbation Series
The above formulas are now applied to the power series expansions of O(N)-symmetric φ4-
theories in D = 4 − ε dimensions. Their renormalized coupling constant is related to the
unrenormalized ones by Eq. (15.18), which we shall use at ﬁrst only up to order L = 3:
¯ g = ¯ gB −
(N + 8)
3ε
¯ g
2
B +
 
(N + 8)2
9ε2 +
(3N + 14)
6ε
 
¯ g
3
B + ... . (19.76)
Inserting this into the expansions (15.15) and (15.11), we obtain for the mass and ﬁeld ratios
m2
m2
B
= 1 −
N + 2
3
¯ gB
ε
+
(N + 2)
9
 N + 5
ε2 +
5
4ε
 
¯ g
2
B + ... , (19.77)
φ2
φ2
B
= 1 +
N + 2
36
¯ g2
B
ε
+ ... . (19.78)
Remember that the dimensionless bare coupling constant ¯ gB contains the arbitrary mass scale
  given by
¯ gB =
gB
(4π)2 =
λB
 ε(4π)2.
The arbitrary mass scale   will now be set equal to the physical mass m, as discussed at the
beginning of this chapter and before Eq. (19.68), considering all quantities as functions of ¯ gB.
In order to describe second-order phase transitions, we let m2
B go to zero proportionally to
τ = T/Tc − 1 as the temperature T approaches the critical temperature Tc. Then m2 will also
go to zero, and thus ¯ gB to inﬁnity.
We use the vanishing of (19.73) at inﬁnite bare coupling ¯ gB, or Eq. (19.75) with (19.74), to
determine the critical exponent of approach to scaling ω. For the other critical exponents we
ﬁnd from formulas (19.67), (19.77), and (19.78) the expansions
ηm(¯ gB) =
N + 2
3
¯ gB −
N + 2
18
 
5 + 2
N + 8
ε
 
¯ g
2
B, (19.79)
η(¯ gB) =
N + 2
18
¯ g
2
B. (19.80)
The scaling relation γ = ν(2−η) with ν = 1/(2−ηm) and the expansions (19.79), (19.80) yield
for the critical exponent γ(gB) of the susceptibility deﬁned in Eq. (10.160) the perturbation
expansion up to second order in gB:
γ(¯ gB) = 1 +
N + 2
6
¯ gB +
N + 2
36
 
N − 4 − 2
N + 8
ε
 
¯ g
2
B. (19.81)
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We shall evaluate this rather than the series (19.80) for η(¯ gB), since γ(¯ gB) has more than one
expansion coeﬃcient at the two-loop level, which is necessary for the existence of an optimum
in variational perturbation theory. At the ﬁve-loop level, the combination η + ηm will be used
since it seems to converge fastest.
19.5.3 Critical Exponent ω
We begin by calculating the critical exponent ω from the requirement that g(gB) has a constant
strong-coupling limit, implying the vanishing of (19.73) for gB → ∞. From the expansion
(19.76) we obtain a logarithmic derivative (19.73) up to the term g2
B, so that Eq. (19.69) can
be used to ﬁnd the scaling condition
0 = 1 −
1
4
ˆ F 2
2
2 ˆ F3 − ˆ F 2
2
ρ
2. (19.82)
This gives
ρ =
 
8 ˆ F3/ ˆ F 2
2 − 4. (19.83)
Since ω must be greater than zero, only the positive square root is physical. With the explicit
coeﬃcients F1,F2,F3 of expansion (19.76), this becomes
ρ = 2
 
1 + 3
3N + 14
(N + 8)2ε. (19.84)
The associated critical exponent ω = ε/(ρ − 1) is plotted in Fig. 19.2. It has the ε-expansion
ω = ε − 3
3N + 14
(N + 8)2ε
2 + ... , (19.85)
which is also shown in Fig. 19.2, and agrees with the ﬁrst two terms obtained from renormali-
zation group calculations in Eq. 17.15.
From Eqs. (19.75), (19.74), and (19.69) we obtain for the critical exponent ω a further
equation
−
ω
ε
− 1 = −
ρ
ρ − 1
= −
1
2
ˆ F 2
2 ρ2
3 ˆ F3 − 2 ˆ F 2
2
, (19.86)
which is solved by
ρ =
1
2
+
   
 
 6 ˆ F3
ˆ F 2
2
−
15
4
, (19.87)
with the positive sign of the square root ensuring a positive ω. Inserting the coeﬃcients of
(19.76), this becomes
ρ =
1
2
+
3
2
 
1 + 4
3N + 14
(N + 8)2ε. (19.88)
The associated critical exponent ω = ε/(ρ−1) has the same ε-expansion (19.85) as the previous
approximation (19.84). The full approximation based on (19.88) is indistinguishable from the
earlier one in the plot of Fig. 19.2.342 19 Variational Perturbation Theory
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Figure 19.2 For Ising universality class (N = 1), the ﬁrst ﬁgure shows the renormalized coupling at inﬁnite
bare coupling as a function of ε = 4 − D. It is calculated by variational perturbation theory from the ﬁrst
two perturbative expansion terms. The curve coincides with the ε-expansion up to order ε2. Dashed curves
indicate linear and quadratic ε-expansions. The other ﬁgures show similarly the critical exponents ω, ν, and
γ. The dots mark currently accepted values of ¯ g∗ ≈ 0.466 ± 0.003, ω ≈ 0.802 ± 0.003, ν = 0.630 ± 0.002, and
γ = 1.241 ± 0.004 obtained from the six-loop calculations in Section 20.2.
Having determined ω, we can now calculate ¯ g∗. Identifying the ﬁrst three coeﬃcients in the
expansion (19.76) with f0, f1, f2 in (19.69) we obtain
¯ g
∗
2 = f0 −
1
4
f2
1
f2
ρ
2. (19.89)
With (19.84), this reads explicitly
¯ g
∗
2 =
3
N + 8
ε + 9
3N + 14
(N + 8)3ε
2, (19.90)
which is precisely the well-known ε-expansion of ¯ g∗ in renormalization group calculations up
to the second order. Including the next coeﬃcient, we can use formula (19.70) to calculate
the next approximation ¯ g∗
3. At ε = 1, the square root turns out to be imaginary, so that it
has to be omitted (corresponding to the turning point as optimum). The resulting curve lies
slightly (≈ 8%) above the curve (19.90), i.e., represents a worse approximation than (19.90).
Indeed, the ε3-term in ¯ g∗
3 is 81(3N + 14)2/8(N + 8)5 and disagrees in sign with the exact term
ε3[3(−33n3 + 110n2 + 1760n + 4544)/8 −36ζ(3)(N +8)(5N + 22)]/(N + 8)5, which we would
ﬁnd by calculating ρ from an expansion (19.76) with one more power in gB.
19.5.4 Critical Exponent ν
We now turn to the critical exponent ν. Taking the expansion (19.79) to inﬁnite couplings ¯ gB,
we obtain from formula (19.69) the limiting value
ηm =
ε
4
N + 2
N + 8 + 5ε/2
ρ
2. (19.91)
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The corresponding exponent ν is plotted in Fig. 19.2. With the approximation (19.84) for ρ we
ﬁnd for ν the ε-expansion
ν =
1
2
+
1
4
N + 2
N + 8
ε +
(N + 2)(N + 3)(N + 20)
8(N + 8)3 ε
2 + ... , (19.92)
which is also shown in Fig. 19.2 and agrees with renormalization group results to this order.
19.5.5 Critical Exponent γ
As a third independent critical exponent we calculate the critical exponent of the susceptibility
γ = ν(2 − η) = (2 − η)/(2 − ηm) by inserting the coeﬃcients of the expansion (19.81) into
formula (19.69), which yields
γ = 1 +
ε
8
N + 2
N + 8 − (N − 4)ε/2
ρ
2, (19.93)
plotted in Fig. 19.2. This has an ε-expansion
γ = 1 +
1
2
N + 2
N + 8
ε +
1
4
(N + 2)(N2 + 22N + 52)
(N + 8)3 ε
2 + ... , (19.94)
shown again in Fig. 19.2 and agreeing with renormalization group results to this order. The full
approximation is plotted in Fig. 19.2. The critical exponent η = 2 − γ/ν has the ε-expansion
η = (N + 2)ε2/2(N + 8)2 + ... .
Thus we see that variational strong-coupling theory can easily be applied to φ4-theories in
D = 4 − ε dimensions and yields resummed expressions for the ε-dependence of all critical ex-
ponents. Their ε-expansions agree with those obtained from renormalization group calculations
in Chapter 17.
19.6 Three-Loop Resummation
The three-loop calculations are algebraically more involved [12]. Fortunately, the optima of the
variational expressions turn out to be determined by turning points, i.e., by the vanishing of the
second derivative. At the three-loop order, this implies that the parameter r in (19.70) is zero,
thus leading to the three-loop strong-coupling limit (19.71). It is this feature which renders the
calculation analytically manageable, involving only a cubic equation for the determination of
ρ (for r  = 0, we would have to solve an eight-order equation). In order to obtain ω to three
loops, we apply (19.71) to the logarithmic derivative of the three-loop part of (15.18), and ﬁnd
for ρ the following trigonometric representation of the relevant cubic root:
ρ = −
1
6
+
256
3
a0 [106 + N(N + 25)]
2 − a0b0 cos
 
−2π + θ
3
 
. (19.95)
The angle θ and the constants a0 b0 are given by
θ = arccos
   
13776+ 4738N + N2(8N + 405) + 96(5N + 22)ζ(3)
 2
2[106 + N(N + 28)]{(N + 8)[13776+ 4738N + N2(8N + 405) + 96(5N + 22)ζ(3)]}
3/2
×
1
[2209664+ 1040160N + 162982N2 + 9683N3 + 184N4 + 672(N + 8)(5N + 22)ζ(3)]
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×
 
67181166592+ 64001040384N + 25893312000N
2 + 5641828480N
3 + 713027988N
4 + 54733044N
5
+ 2760157N6 + 88332N7 + 1440N8
− 192(N + 8)(5N + 22)
 
4084864+ 1952480N + 323706N2 + 20021N3 + 514N4 
ζ(3)
+ 746496[(N + 8)(5N + 22)ζ(3)]
2
  
, (19.96)
a0 = [446336+ 213280N + 35334N2 + 2179N3 + 56N4 − 864(N + 8)(5N + 22)ζ(3)]−1 (19.97)
b0 = 3
 
(N + 8)[13776+ 4738N + N2(8N + 405) + 96(5N + 22)ζ(3)]
×
 
2209664+ 1040160N + 162982N2 + 9683N3 + 184N4 + 672(N + 8)(5N + 22)ζ(3). (19.98)
To save space, we have written down the solution directly for ε = 1. For the physically
interesting cases N = 0,...,4, we obtain the values for D = 3 dimensions shown in Table 19.2 .
Figure 19.3 illustrates the two- and three-loop critical exponent of the approach to scaling
ω = ε/(ρ − 1) as a function of N.
Table 19.2 Critical exponent ω from three-loop strong-coupling theory in 4 − ε dimensions.
N 0 1 2 3 4
ρ 2.41829 2.40384 2.38683 2.36910 2.35157
ω 0.705073 0.712332 0.721069 0.730405 0.73988
2 4 6 8 10
0.5
1
1.5
2
N
ω
Figure 19.3 Two-loop (short-dashed) and three-loop (solid) critical exponent ω for diﬀerent O(N)-
symmetries. The ε-expansion (mixed-dashed) and the six and seven loops theoretical results to be listed in
Tables 20.1 and 20.2 (dots) are displayed for comparison.
Given ρ, we can determine the other exponents. The results are
γ = 1 −
ε(N + 2)[ε(N − 4) − 2(N + 8)]ρ(ρ + 1)(2ρ − 1)
3[8(N + 8)2 − 4ε(2N2 − N − 106) + ε2(2N2 + 17N + 194)]
+
8ε(N + 2)[ε(N − 4) − 2(N + 8)]
3 (2ρ − 1)3
27[8(N + 8)2 − 4ε(2N2 − N − 106) + ε2(2N2 + 17N + 194)]
2, (19.99)
ν =
1
2
−
ε(N + 2)[ε(N − 3) − 2(N + 8)]ρ(ρ + 1)(2ρ − 1)
12[4(N + 8)2 − 2ε(2N2 + N − 90) + ε2(N2 + 9N + 95)]
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+
ε(N + 2)[ε(N − 3) − 2(N + 8)]
3 (2ρ − 1)3
27[4(N + 8)2 − 2ε(2N2 + N − 90) + ε2(N2 + 9N + 95)]
2. (19.100)
Figures 19.4 and 19.5 illustrate the accuracy of the two- and three-loop critical exponents γ
and ν as a function of N.
If we keep ε in (19.95)–(19.98), we obtain
ρ = 2 +
3(3N + 14)
(N + 8)2 ε −
96ζ(3)(5N + 22)(N + 8) + 33N3 + 214N2 + 1264N + 2512
4(N + 8)4 ε
2.(19.101)
Reexpanding the combination ω = ε/(ρ−1) in powers of ε up to ε3, we rederive the correspond-
ing terms in the ε-expansion (17.15). Inserting this expansion into ρ, we would have recovered
the three-loop parts of the ε-expansions for γ and η of Eqs. (17.13) and (17.14) [recalling
γ = ν(2 − η)]. The critical exponent η is obtained using 2 − γ/ν, with γ and ν from (19.99)
2 4 6 8 10
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γ
Figure 19.4 Two-loop (short-dashed) and three-loop (solid) critical exponent γ. For comparison, we also
show the ε-expansion (mixed-dashed) and the theoretical values of Tables 20.1 and 20.2 (dots).
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Figure 19.5 Two-loop (short-dashed) and three-loop (solid) critical exponent ν. For comparison, we also
show the ε-expansion (mixed-dashed) and the theoretical values of Tables 20.1 and 20.2 (dots).
and (19.100), respectively. From this we can recover the ε-expansion (17.13).
Let us also calculate directly the strong-coupling limit of η from the three-loop extension of
(19.80):
η(¯ gB) =
N + 2
18
¯ g
2
B −
(N + 2)(N + 8)
216
 
1 +
8
ε
 
¯ g
3
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Since the linear term is absent, the optimum of variational perturbation theory is given by an
extremum in which the root r in (19.70) is equal to −1, the optimum lying at ¯ gB = −2 ¯ f2/(3f3),
so that
η =
4
27
¯ f3
2
f2
3
=
32
27
(2ρ − 1)3(N + 2)
(N + 8)2(8 + ε)2 ε
2. (19.103)
With the three-loop ε-expansion (19.101) for ρ, this leads again to the correct terms in ε-
expansion (17.13) for η. The diﬀerence between η = 2−γ/ν and (19.103) at ε = 1 is illustrated
in Figure 19.6 which also shows a direct plot of the ε-expansion for η as well as the theoretical
values quoted in Tables 20.1 and 20.2 . In this case, the ε-expansion happens to yield the
best critical exponent η, followed by the strong-coupling limit of the direct series (19.103).
Comparing the diﬀerent results, we see that they diﬀer by about 30%. This is due to the
smallness of η. Compared to unity, the error is small.
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Figure 19.6 Two-loop (short-dashed) and three-loop (solid) critical exponent η from the deﬁnition 2 − γ/ν.
For comparison, we also show the ε-expansion (short- and long-dashed), η from the strong-coupling limit of the
direct (medium-dashed) series (19.103) and the theoretical values of Tables 20.1 and 20.2 (dots).
Let us ﬁnally calculate the critical exponent ηm up to three loops. The extension of the
perturbation series (19.79) up to three loops reads
ηm(¯ gB) =
N + 2
3
¯ gB −
N + 2
18
 
5 + 2
N + 8
ε
 
¯ g
2
B +
N + 2
108
[3(5N + 37)
+
2(19N + 122)
ε
+
4(N + 8)
2
ε2
 
¯ g
3
B + ... . (19.104)
From this we obtain the strong-coupling limit
ηm =
ε(N + 2)(2N + 16 + 5ε)ρ(ρ + 1)(2ρ − 1)
3[4(N + 8)2 + ε(38N + 244) + 3ε2(5N + 37)]
−
4ε(N + 2)(2N + 16 + 5ε)3(2ρ − 1)3
27[4(N + 8)2 + ε(38N + 244) + 3ε2(5N + 37)]
2. (19.105)
This result is analytically diﬀerent from that obtained from (19.100) via the scaling relation
ηm = 2 − ν−1. Numerically, however, it is close to it, as can be seen in Figure 19.7. For
comparison, the ﬁgure also shows plots of the ε-expansion (19.106), and the theoretical values
of Tables 20.1 and 20.2 .
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Figure 19.7 Two-loop (short-dashed) and three-loop (solid) critical exponent ηm from the deﬁnition 2−ν−1.
For comparison, we also show the ε-expansion (short- and long-dashed), ηm from the strong-coupling limit of the
direct two-loop (medium-dashed) and three-loop (long-dashed) series and the theoretical values of Tables 20.1
and 20.2 (dots).
Inserting into (19.105) the ε-expansion (19.101) for ρ, we ﬁnd
ηm =
N + 2
N + 8
ε +
(N + 2)(13N + 44)
2(N + 8)3 ε
2
+
(N + 2)[5312 + 2672N + 452N2 − 3N3 − 96(N + 8)(5N + 22)ζ(3)]
8(N + 8)5 ε
3. (19.106)
For completeness, we list some numeric values of the critical exponents up to three loops in
Table 19.3 .
Table 19.3 Critical exponents ν,ηm,η from three-loop strong-coupling theory in 4 − ε dimensions.
N 0 1 2 3 4
γ 1.16455 1.2338 1.29426 1.34697 1.39307
ν 0.587376 0.623381 0.654552 0.681561 0.705071
ηm 0.311607 0.421796 0.509799 0.580684 0.638337
η 0.0258218 0.029917 0.031452 0.0315846 0.03096
19.7 Five-Loop Resummation
The calculations in the last section have illustrated the power of the variational procedure, but
do not yet give good results for the critical exponents. In order to achieve higher accuracy, we
have to go to ﬁve loops in a straightforward extension of the two-loop treatment[13].
19.7.1 Critical Exponent ω
As in the two-loop calculations of the last section, we start by resumming the logarithmic
derivative of ¯ g(¯ gB) to determine the critical exponent ω of the approach to scaling.348 19 Variational Perturbation Theory
As in Subsection 19.5.3, the exponent ω is determined by identifying the perturbation
expansions of ¯ g(¯ gB), truncated as in (19.53), with the function WL in Eq. (19.54), and requiring
that the theory scales as observed experimentally. This implies that ¯ g(¯ gB) approaches a constant
in the strong-coupling limit. The ratio of powers p/q on the left-hand side of (19.54) must
therefore be zero. The expansion of the logarithmic derivative of ¯ g(¯ gB) is calculated as indicated
in Eq. (19.73) for a function F(¯ gB) = ¯ g(¯ gB). By Eq. (19.54) [or (19.61)], the resulting function
f(¯ gB) has to be equal to p/q = s in the strong-coupling limit, i.e., equal to zero.
Instead of the two-loop expansion for ¯ g(¯ gB) in (19.76), we use the ﬁve-loop expansion
in (15.18). Thus we obtain for ρ = 1 + q/2 = 1 + ε/ω higher L-loop approximations ρL.
Altogether, we ﬁnd four approximations ωL to the approach parameter ω = 2/q = ε/(ρ − 1),
with L = 2,3,4,5. As a check we perform their ε-expansions and ﬁnd that they agree with the
initial ε-expansion (17.15) derived, in the renormalization group approach, from the derivative
of the β-function at the ﬁxed point.
Our variational expressions are evaluated without an ε-expansion at ε = 1. In Fig. 19.8, the
resulting L-loop approximations ωL are plotted as functions of L. The ωL-values are obviously
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Figure 19.8 Critical exponent of approach ω calculated from f∗
L = s∗
L = 0, plotted against the order of
approximation L.
not yet asymptotic, calling for an extrapolation to inﬁnite L. This is possible with the help of
the theoretical knowledge on the L-dependence of the strong-coupling limit as determined in
Eq. (19.51). For an arbitrary function f(¯ gB) with a constant strong-coupling limit approachad
as in Eq. (19.66), the L-dependence is of the form
f
∗
L ∝ f
∗ + const × e
−cL1−ω
. (19.107)
The extrapolation to inﬁnite order L may be carried out in two ways. We may choose an
ω-value near the suspected correct exponent, and calculate the strong-coupling limits f∗
L = s∗
L
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Figure 19.9 Approach to zero of the logarithmic derivative (p/q)L ≡ s∗
L = f∗
L of ¯ g(¯ gB) as a function of the
variable xL. The critical exponent ω = 2/q is determined by requiring the straight lines to intersect at xL = 0.
Its value is given in the equation. The number in parentheses is the highest approximation ω6 showing the
exptrapolation distance to the ﬁnal value. Both numbers are listed in Table 19.4 .
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Figure 19.10 Same strong-coupling limits of logarithmic derivative of ¯ g(¯ gB) as in Fig. 19.9, but plotted
against the order L of the approximation. The extrapolating functions are written on top of each ﬁgure. Ihe
extrapolated ω is given in the equation. The number in parentheses is again the highest approximation ω6
showing the exptrapolation distance to the ﬁnal value. Both numbers are listed in Table 19.4 .350 19 Variational Perturbation Theory
of the logarithmic derivative of ¯ g(¯ gB). Through these we ﬁt the theoretical L-behavior (19.107).
Then we vary ω and the ﬁt parameter c until the ﬁt approaches as smoothly as possible the
limit s∗
L = 0 for inﬁnite L.
Alternatively, and apparently more reliably, we plot for a certain ω and c the strong-coupling
limits s∗
L = f∗
L against the variable xL = e−cL1−ω
instead of L. The parameter c is chosen such
that the points lie as close as possible on a straight line. Since the points are obtained alter-
natively from minima and turning points for even and odd approximations, respectively, they
are expected to lie on slightly diﬀerent straight lines. We determine c by requiring these lines
to cross at xL = 0. With this condition, the two lines yield the same value for s∗ = s∞. The
trial ω is then varied until s∗ is equal to zero. The ﬁnal plots are shown in Fig. 19.9. For com-
parison, we also show the corresponding direct plots against the order L of the approximation
in Fig. 19.10.
Table 19.4 lists in the ﬁrst column the calculated values of ω for inﬁnite L and N = 0,1,2,3.
The number in parentheses is the value ω5 determined from the condition s∗
5 = f∗
5 = 0. It shows
the importance of the extrapolation.
The extrapolated values for ω are now used to construct the strong-coupling limits for the
exponents ν, γ and η.
19.7.2 Critical Exponent ν
For ν, we can proceed as in Eq. (19.91) of the last section, calculating the strong-coupling limit
of ηm(¯ gB). Its perturbation expansion ηm(¯ gB) = 2γm(¯ gB) is found by inserting (15.18) into
(17.7). The critical exponents ν are obtained from the strong-coupling limits of ηm via the
scaling relation ν = 1/(2 − ηm). The resulting exponents are shown in Table 19.4 as ν(II).
Alternatively, we apply the procedure to the series ν(¯ gB), and ﬁnd directly the strong-
coupling limits of the exponent ν as shown in Table 19.4 as ν(I).
In both cases, the extrapolation to inﬁnite order proceeds as before. We use again a function
of the form (19.107) to extrapolate the results for L = 2,3,4,5 to inﬁnite L. The results are
shown in Figs. 19.11 and 19.12 for the direct calculation of ν. The horizontal lines indicate the
limit L → ∞. The extrapolating functions are displayed on top of each ﬁgure. The results of
these calculations are listed in Table 19.4 . The value ν = 0.6697 for N = 2 corresponds to a
critical exponent
α = 2 − 3ν ≈ −0.0091, (19.108)
which is in satisfactory agreement with the experimental space shuttle value −0.01056±0.0004
in Eq. (1.23)
All results depend on the value of ω used for the resummation. Let us estimate the error
resulting from errors in ω. This is done by calculating ν for two adjacent ω-values, and we ﬁnd
∆ν =

   
   
−0.0900 × (ω − 0.8035)
−0.1375 × (ω − 0.7998)
−0.1853 × (ω − 0.7948)
−0.2271 × (ω − 0.7908)

   
   
for

   
   
N = 0
N = 1
N = 2
N = 3

   
   
. (19.109)
19.7.3 Critical Exponent η and γ
The calculation of the exponent η is always diﬃcult, since its perturbation expansion starts
out with ¯ g2
B. Thus we ﬁnd only three approximants η3, η4, η5, and these are not suﬃcient to
H. Kleinert and V. Schulte-Frohlinde, Critical Properties of φ4-Theories19.7 Five-Loop Resummation 351
ω Var.-Pert. Borel-Res. (GZ) Chapter 17
ω (ω5)
N = 0 0.8035(0.7448) 0.828 ± 0.023 0.817 ± 0.021
N = 1 0.7998(0.7485) 0.814 ± 0.018 0.806 ± 0.013
N = 2 0.7948(0.7530) 0.802 ± 0.018 0.800 ± 0.013
N = 3 0.7908(0.7580) 0.794 ± 0.018 0.796 ± 0.011
ν Var.-Pert. Borel-Res. (GZ) Chapter 17
ν (ν5) (I) ν (ν5) (II)
N = 0 0.5874(0.5809) 0.5878(0.5832) 0.5875 ± 0.0018 0.5865 ± 0.0013
N = 1 0.6292(0.6171) 0.6294(0.6222) 0.6293 ± 0.0026 0.6268 ± 0.0022
N = 2 0.6697(0.6509) 0.6692(0.6597) 0.6685 ± 0.0040 0.6642 ± 0.0111
N = 3 0.7081(0.6821) 0.7063(0.6951) 0.7050 ± 0.0055 0.6987 ± 0.0051
η Var.-Pert. Borel-Res. (GZ) Chapter 17
η(η5) (I) η (η5) (II)
N = 0 0.0316(0.0234) 0.0305(0.0234) 0.0300 ± 0.0060 0.0344 ± 0.0042
N = 1 0.0373(0.0308) 0.0367(0.0308) 0.0360 ± 0.0060 0.0395 ± 0.0043
N = 2 0.0396(0.0365) 0.0396(0.0365) 0.0385 ± 0.0065 0.0412 ± 0.0041
N = 3 0.0367(0.0409) 0.0402(0.0409) 0.0380 ± 0.0060 0.0366 ± 0.0020
γ Var.-Pert. Borel-Res. (GZ)
γ (γ5)
N = 0 1.1576(1.1503) 1.1575 ± 0.0050
N = 1 1.2349(1.2194) 1.2360 ± 0.0040
N = 2 1.3105(1.2846) 1.3120 ± 0.0085
N = 3 1.3830(1.3452) 1.3830 ± 0.0135
Table 19.4 Extrapolated critical exponents from ﬁve-loop ε-expansions, compared with results of Chapter 17
and of Guida and Zinn-Justin (GZ), which agree with our present numbers. The diﬀerence between the versions
(I) and (II) of the exponents ν and η are explained in the text. The numbers in parentheses are the six-loop
approximations showing the exptrapolation distance to the ﬁnal values.352 19 Variational Perturbation Theory
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Figure 19.11 Critical exponent ν(I) from variational perturbation theory, plotted as a function of xL.
Requiring the lines to cross at xL = 0 determines the parameter c in xL. See the description of the ﬁtting
procedure in the text and the ﬁnal values in Table 19.4 .
carry out a reliable extrapolation procedure. In order to circumvent this, we study the strong-
coupling limit of ηm(¯ gB) + η(¯ gB), and subtract from this the strong-coupling limit of ηm(¯ gB).
This is derived from ηm = 2−ν−1 with either the values ν(I) or ν(II) of Table 19.4 . The results
are called η(I) and η(II), respectively, and shown in Figs. 19.13 and 19.14. The horizontal line
marks the limit L → ∞. The extrapolating function is plotted on top of the ﬁgure.
We may calculate η also from another independent strong-coupling limit using the pertur-
bation expansion for the critical exponent γ = ν(2 − η). The extrapolation for this exponent
is shown in Figs. 19.15 and in 19.16. The resulting values for γ are also listed in Table 19.4 .
The dependence on the value of ω is in the same order of magnitude as in the case of ν:
∆γ =

   
   
−0.1500 × (ω − 0.8035)
−0.2237 × (ω − 0.7998)
−0.3147 × (ω − 0.7948)
−0.4014 × (ω − 0.7908)

   
   
for

   
   
N = 0
N = 1
N = 2
N = 3

   
   
. (19.110)
Table 19.4 contains the results of the extrapolation to inﬁnite order followed in parenthe-
ses by the 5th-order approximation. For comparison with the results of other methods, see
Table 20.1 in the next chapter. Here, we only append the earlier results of the resummation
of the ε-expansion in Chapter 17, and those of Guida and Zinn-Justin (GZ) [14]. The present
numbers agree well with either of them. The diﬀerences between ν(I) and ν(II), and between
η(I) and η(II), are much smaller than the errors given in Chapter 17, or in GZ.
It is interesting to note that the results of the strong-coupling theory agree very well with
those derived from Borel-resummations, which make use of the known large-order behavior of
the perturbation series. So far, the strong-coupling theory does not take advantage of this
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Figure 19.12 Critical exponent ν(I) from variational perturbation theory, as a function of the order L of
approximation. The full ﬁt function is written on top of the ﬁgure. The limiting values are listed in Table 19.4 .
knowledge of the large-order behavior. It compensates for this by incorporating, in an essential
way, the approach (19.66) to the strong-coupling limit. Further improvement comes from the
theoretical knowledge of the large-L behavior (19.107) of the approximations.
The incorporation of the large-order behavior into the strong-coupling theory will be de-
scribed in the Chapter 20.
19.8 Interpolating Critical Exponents between Two and Four
Dimensions
Knowing the ε-expansions for the critical exponents, the question arises whether these expan-
sions can also be resummed at ε = 2, i.e., in D=2 dimensions. However, with the diﬃculties
encountered in going to ε = 1, we see little hope in obtaining reliable numbers this way.
Fortunately, there exists a completely independent access to the critical exponents ν and η
from another ﬁeld theory, the O(N)-symmetric nonlinear σ-model. The universality hypothesis
of critical phenomena states that all systems with equal Goldstone bosons should have the
same critical exponents. Thus renormalization group studies of O(N)-symmetric nonlinear
σ-models in D = 2 + ǫ dimensions at ǫ = 1, should yield the same critical exponents as O(N)-
symmetric φ4-theories as long as the second-order character of the transition is not destroyed
by unexpected ﬂuctuation eﬀects. These conditions restrict the comparison to N > 2.
For N = 1 (Ising case), there are no Goldstone bosons, and for N = 2 (XY-model),
the transition is of inﬁnite order. In this case, the divergence of the correlation length with
temperature cannot be parametrized like ξ ∝ |T − Tc|−ν, as shown by Kosterlitz and Thouless
[15].354 19 Variational Perturbation Theory
0.001 0.002 0.003
0.26
0.28
0.30
0.32
0.001 0.002 0.003
0.36
0.38
0.40
0.42
0.44
0.0005 0.0015 0.0025
0.44
0.46
0.48
0.50
0.52
0.54 0.0005 0.0015 0.0025
0.50
0.52
0.54
0.56
0.58
0.60
0.62
N = 0
2 − 1/ν + η = 0.3291
xL = e−5.1106L
0.19655
N = 1
2 − 1/ν + η = 0.4480
xL = e−5.0731 L
0.2002
N = 2
2 − 1/ν + η = 0.5453
xL = e−5.0962L
0.2052
N = 3
2 − 1/ν + η = 0.6244
xL = e−5.1995L
0.2092
Figure 19.13 Determination of critical exponent η from the strong-coupling limit of ηm + η, plotted as a
function of xL. Requiring the lines to cross at xL = 0 determines the parameter c in xL. See the description of
the ﬁtting procedure in the text and the list of limiting values in Table 19.4 .
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Figure 19.14 Same as above, plotted against the order of approximation L. The full ﬁt function is written
on top of the ﬁgure. The limiting values are listed in Table 19.4 .
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Figure 19.15 Critical exponent γ from variational perturbation theory, plotted as a function of xL. Requiring
the lines to cross at xL = 0 determines the parameter c in xL. See the description of the ﬁtting procedure in
the text. The limiting values are listed in Table 19.4 .
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Figure 19.16 Critical exponent γ from variational perturbation theory, plotted as a function of the order
of approximation L. The full ﬁt function is written on top of the ﬁgure. The limiting values are listed in
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The nonlinear σ-model with the same Goldstone bosons as the φ4 theory for N > 2 can be
studied in D = 2+ǫ dimensions and yields expansions for the critical exponents in powers of ǫ.
Note the distinct notation of ε in D = 4−ε and ǫ in D = 2+ǫ. Up to now, the latter expansions
have remained rather useless for any practical calculation owing to their non-Borel character
[16]. This has led some authors to doubt the use of such expansions around the lower critical
dimension altogether [17]. This would be quite unfortunate, since it would jeopardize other
interesting theories such as Anderson’s theory of localization [18]. The basis of these doubts
is the increasing relevance of higher powers of the derivative term [19]. However, hope for the
utility of these expansions is not completely lost, since the argument requires interchanging
two limits: one is the analytic continuation in ǫ, the other is the increasing to inﬁnity of the
number of derivatives [20]. The purpose of this section is to sustain this hope by combining the
expansions in 2+ǫ diemnsions with the previous expansions in 4−ε dimensions to obtain precise
critical exponents for all dimensions D between four and two. This will be done explicitly [21]
only for the critical exponent ν and the universality classes N = 3,4,5.
So far, the ǫ-expansions of ν−1 and the anomalous dimension η have been calculated up to
the powers ǫ4 [22]:
ν
−1 = ǫ +
ǫ2
N − 2
+
ǫ3
2(N − 2)
−
 
30−14N+N
2+ (54−18N)ζ(3)
  ǫ4
4(N − 2)3 + ... . (19.111)
η =
ǫ
N − 2
−
(N − 1)ǫ2
(N − 2)
2 +
N (N − 1)ǫ3
2(N − 2)
3
−(N − 1)
 
−6 + 2N + N
2 + (−12 + N + N
2)ζ(3)
  ǫ4
4(N − 2)
4 + ... . (19.112)
When evaluated at ǫ = 1, the ﬁrst series yields for the three-dimensional O(3)-model the
diverging successive values ν−1 = (1, 2, 2.5,3.25). Pad´ e approximations do not help; the best
of them, the [1,2]-approximation, gives the too large value ν = 2. So far, the only result which
is not far from the true value has been obtained via the Pad´ e-Borel transform
P
[1,2](ǫ,t) =
ǫt
1 − ǫt/2 + ǫ2t2/6
, (19.113)
from which we obtain the ǫ-dependent critical exponent
ν
−1(ǫ) =
  ∞
0
dte
−tP
[1,2](ǫ,t), (19.114)
whose value at ǫ = 1 is ≈ 1.252, corresponding to ν ≈ 0.799 still too large to be useful. The
other Pad´ e-Borel approximants are singular and thus of no use, as shown in Fig. 19.17.
The full ǫ-dependence of the power series (19.111) and the Pad´ e-Borel-approximation
(19.114) can be seen in Fig. 19.18 on page 360.
A direct evaluation of the series for the anomalous dimension η yields the even worse values
(2, −2, 4, −5). Here the nonsingular Borel-Pad´ e approximations [2,1], [1,2], and [1,1] yield
0.147, 0.150, and 0.139, rather than the correct value 0.032. The full ǫ-dependence of the power
series (19.112) and the Pad´ e[2,1]-Borel-approximation are also shown in Fig. 19.18.
The remedy for these problems comes from the strong-coupling theory of Section 19.2. It
allows us to ﬁnd an extended variational perturbation expansion if we know not only L weak-
coupling coeﬃcients but also M strong-coupling expansion coeﬃcients. We merely add to the
set of coeﬃcients f1,...,fL a set of M unknown ones, fL+1,...,fL+M, and determine the latter
via a ﬁt of the resulting strong-coupling coeﬃcients b0,...,bM−1 of Eq. (19.14) to the known
ones.
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Figure 19.17 Integrands of the Pad´ e-Borel transform (19.114) for the Pad´ e approximants [1,1], [2,1], [1,2]
and for [1,3], [3,1], [2,2] at ǫ = 1. Only the last is integrable, yielding ν−1 ≈ 1.25183 ≈ 1/.79883.
19.8.1 Critical Exponent ν.
This procedure will now be applied to the perturbation expansion (19.111) for ν−1 in 2 + ǫ
dimensions, considering it as the strong-coupling expansion of a series in the variable ˜ ε =
2(4 − D)/(D − 2) = 4(1 − ǫ/2)/ǫ = ε/(1 − ε/2):
ν
−1 = 4 ˜ ε
−1 − 8
N − 4
N − 2
˜ ε
−2 + 16
N − 4
N − 2
˜ ε
−3 (19.115)
− 32
 
52 − 16N − 4N
2 + N
3 + 36(3 − N)ζ(3)
  ˜ ε−4
(N − 2)3 + ... .
The weak-coupling expansion of this series is obtained from Eq. (17.14) by a change of variables
from ε to ˜ ε, and a re-expansion:
ν−1 = 2 −
N + 2
N + 8
˜ ε +
 
20+3N+N2  (2 + N)˜ ε2
2(8 + N)3 +
 
−2240−624N−212N2−9N3−2N4+8 12(8+N)(22+5 N)ζ(3)
 (2 + N)˜ ε3
8(8+N)5
+
 
5
 
568576 + 382144 N + 103920N2 + 9532N3 + 1142N4 + 21N5 + 4N6 
+80
 
−249600 − 148960N − 42912N2 − 6516N3 − 350N4 + 3N5 
ζ(3) + 80   18(8 + N)3 (22 + 5N)ζ(4)
−80   80(8 + N)2 
186 + 55N + 2N2 
ζ(5)
  (2 + N)
160(8 + N)7 ˜ ε4
+
 
945
 
−105091072 − 106771456 N − 47635968 N2 − 11768576 N3 − 1835504 N4 − 122812N5 − 6270N6 − 45N7 − 8N8 
+ 15120
 
57911296 + 46323968 N + 17913728 N2 + 3869024N3 + 514592 N4 + 46900N5 + 1902N6 − 37N7 
ζ(3)
+ 15120
 
−47874048 − 40615936 N − 11928064 N2 − 1525888N3 − 89408N4 − 3200N5 − 128N6 
ζ2(3)
+ 945
 
101376 + 61056N + 13392N2 + 1278N3 + 45N4 
ζ(4)
+ 256   945(8 + N)2 
345552 + 193822N + 48749N2 + 6506N3 + 235N4 
ζ(5)
+ 945   56448 (8 + N)3  
526 + 189N + 14N2 
ζ(7)
  (N+2)˜ ε5
120960(8+N)
9 + ... ,
whose numerical forms are for N = 3,4,5
N = 3 : ν
−1 = 2 − 0.45455 ˜ ε + 0.071375 ˜ ε
2 + 0.15733 ˜ ε
3 − 0.52631 ˜ ε
4 + 1.5993 ˜ ε
5 (19.116)
N = 4 : ν
−1 = 2 − 0.5 ˜ ε + 0.0833333 ˜ ε
2 + 0.147522 ˜ ε
3 − 0.499944 ˜ ε
4 + 1.47036 ˜ ε
5, (19.117)
N = 5 : ν
−1 = 2 − 0.538462 ˜ ε + 0.0955849 ˜ ε
2 + 0.135442 ˜ ε
3 − 0.469842 ˜ ε
4 + 1.34491 ˜ ε
5, (19.118)
N = 1 : ν
−1 = 2 − 0.333333 ˜ ε + 0.0493827 ˜ ε
2 + 0.158478 ˜ ε
3 − 0.539937 ˜ ε
4 + 1.78954 ˜ ε
5.(19.119)
Extending these series by four more terms f6 ˜ ε6+f7 ˜ ε7+f8 ˜ ε8+f9 ˜ ε9, we calculate the functions
bn(ˆ gB) of Eq. (19.11), and from these the strong-coupling coeﬃcients ¯ b0,¯ b1,¯ b2,¯ b3, in (19.14) as358 19 Variational Perturbation Theory
described there, [after having identiﬁed gB with ˜ ε, and the parameters (p,q) with (−2,2)]. The
coeﬃcients f6 ,f7, f8, f9 are determined to make (19.14) agree with the expansion coeﬃcient
(19.115) [23]. The results are shown in Tables 19.5 –19.8 .
Table 19.5 Coeﬃcients of successive extensions of expansion coeﬃcients in Eq. (19.116) of ν−1 with N = 3
determined from the strong-coupling coeﬃcients (4, 8, −16, 160) of Eq. (19.115) for M = 1, 2, 3, 4.
M f6 f7 f8 f9
1 −203.827
2 −5.67653 17.6165
3 −4.25622 9.04109 −15.7331
4 −3.80331 6.87304 −10.0012 12.3552
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Table 19.6 Same as above for the expansion coeﬃcients in Eq. (19.117) of ν−1 with N = 4. They are
determined from the strong-coupling coeﬃcients (4, 0, 0, 221.096) of Eq. (19.115) for M = 1, 2, 3, 4.
M f6 f7 f8 f9
1 −147.508
2 −7.91064 37.1745
3 −4.59388 12.3044 −27.0837
4 −3.72613 7.47851 −12.2129 16.9547
Table 19.7 Same as above the expansion coeﬃcients in Eq. (19.118) of ν−1 with N = 5. They are determined
from the strong-coupling coeﬃcients (8, −8/3, 16/3, 106.131) of Eq. (19.115) for M = 1, 2, 3, 4 .
M f6 f7 f8 f9
1 −108.648
2 −10.1408 60.7217
3 −4.75598 15.1045 −38.9689
4 −3.57909 7.84272 −14.1142 21.6045
Table 19.8 Coeﬃcients of successive extensions of expansion coeﬃcients in Eq. (19.119) of ν−1 with N = 1,
determined from M = 1, 2, 3, 4 strong-coupling coeﬃcients (4, −24, 48, 3825.54) of Eq. (19.115).
M f6 f7 f8 f9
1 −413.921
2 −5.25285 12.1104
3 −442759 12450066 −196950675
4 −5.7343 13.7134 −25.226 38.0976
In order to see how the result improves with the number M of additional strong-coupling
coeﬃcients, we go through this procedure successively for M = 1,2,3,4. The four resulting
curves for ν−1(ε) of the O(N) universality classes with N = 3, 4, 5 are shown in Figs. 19.18–
19.20. In each ﬁgure, we have also plotted successive critical exponents ν at ε = 1 as a function
of the variable x = M−2, which makes them lie approximately on a straight line intercepting
the ν-axis at the limiting value ν∞. This extrapolated value is in excellent agreement with
the seven-loop determination of critical exponents to be described in the next chapter. See in
particular Table 20.2 .
Finally, we plot our highest (M = 4) approximations for N = 3, 4, 5 together with the
large-N approximations for N = ∞, 20, 10, 6 in Fig. 19.21 to see the trend for increasing N,
which shows that the latter for N = 6 is still far from the exact curve [24].
The relation between the ǫ- and ε-expansions is expected to be restricted to N > 2 for
physical reasons. It is instructive to see that the variational interpolation method reﬂects this
problem in two places. First, the expansion coeﬃcients in Table 19.8 show a large irregularity
for N = 1. Second, the successive approximations for ν−1 in Fig. 19.22 display no tendency of
convergence with increasing order M of approximation.360 19 Variational Perturbation Theory
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Figure 19.18 Inverse of critical exponent ν for classical Heisenberg model in O(3)-universality class, plotted
as a function of ε = 4−D. Solid curve is obtained from variational interpolation between ﬁve-loop ε-expansion of
φ4-theory near D = 4 dimensions, and four-loop ǫ-expansion (19.111) of nonlinear σ-model around D = 2 dimen-
sions. Long-dashed curves are successive approximations using strong-couplingexpansion (19.115) up to the ﬁrst,
second, and third order. Short-dashed curves display the ﬁrst three and four terms of ǫ-expansion and the asso-
ciated Pad´ e [1,2]-Borel approximations (lowest curve). The dot shows seven-loop results in D = 3 dimensions,
ν = 0.705. Values from our successive interpolations are (ν1,ν2,ν3,ν4) = (0.87917, 0.75899, 0.731431, 0.712152).
On the right, these values are extrapolated to inﬁnite order by plotting them against x = M−2 which makes
them lie on a straight line with the intercept ν∞ = 0.705, in excellent agreement with the seven-loop result.
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Figure 19.19 Analog of Fig. 19.18 ν−1 in for O(4)-universality class. The dot shows the six-loop re-
sult in D = 3 dimensions, ν = 0.737. Values from our successive interpolation are (ν1,ν2,ν3,ν4) =
(0.88635, 0.810441, 0.786099, 0.768565). On the right, these values are extrapolated to inﬁnite order by plot-
ting them against x = M−1.3, which makes them lie roughly on a straight line with intercept ν∞ = 0.738, in
reasonable agreement with the six-loop result ν = 0.737 (slightly worse than for N = 3, 4).
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Figure 19.20 Analog of previous two ﬁgures for ν−1 in O(5)-universality class. Values from our successive
interpolation are (ν1,ν2,ν3,ν4) = (0.89278, 0.842391, 0.820491, 0.802416). On the right, these values are extra-
polated to inﬁnite order by plotting them against x = M−1, which makes them lie roughly on a straight line
with intercept ν∞ = 0.767, in excellent agreement with the six-loop result ν = 0.737.
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Figure 19.21 Highest approximations (M = 4) for ν−1 in O(N) universality class with N = 3,4,5 (counting
from the top), and the 1/N-expansions to order 1/N2 for N = ∞,20,10,6 (counting from the bottom). The
sixth-order result is still far from the exact one.
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Figure 19.22 Same plot as in Fig. 19.18, but for ν−1 in O(1)-universality class (of Ising model). Again there
is no Pad´ e-Borel approximation. The dot represents seven-loop result in D = 3 dimensions ν = 0.6305. The
four interpolations give (ν1,ν2,ν3,ν4) = (0.862357, 0.665451, 2.08686, 0.729231). They show no tendency of
convergence towards the seven-loop exponent.362 19 Variational Perturbation Theory
19.8.2 Critical Exponent η.
For the critical exponent η, the series (19.112) reads in the variable ˜ ε :
η = 4
˜ ε−1
N − 2
+ 8(4 − 3N)
˜ ε−2
(N − 2)2 + 16(12 − 18N + 7N
2)
˜ ε−3
(N − 2)3
+ 32
  
20 − 56N + 52N
2− 15N
3
 
+2(N − 1)
 
12 − N − N
2
 
ζ(3)
  ˜ ε−4
(N − 2)4 + ... ,(19.120)
whereas the weak-coupling expansion is [25]
η
ǫ2 =
2 + N
2(N + 8)2 +
 
272 + 56N − N
2
 (2 + N) ǫ
8(N + 8)4 (19.121)
+
 
46144 + 17920N + 1124N
2 − 230N
3 − 5N
4 − 32   12 (22 + 5N) ζ(3)
  (2 + N) ǫ2
32(N + 8)6
+
 
5655552 + 2912768N + 262528N
2 − 121472N
3 − 27620N
4 − 946N
5 − 13N
6
+16(N + 8)
 
−171264 − 68672N − 1136N
2 + 1220N
3 + 10N
4 + N
5
 
ζ(3)
+128 9(N+8)
3 (22+5N)ζ(4)+28 40(N+8)
2
 
186+55N+2N
2
 
ζ(5)
  (2+N) ǫ3
128(N+8)8+... .
whose numerical forms are, for N = 3,4,5:
N = 3 : η/ǫ
2 = 5/242 + 0.0183987˜ ǫ− 0.0166488˜ ǫ
2 + 0.032432˜ ǫ
3 + ... , (19.122)
N = 4 : η/ǫ
2 = 1/48 + 0.0173611˜ ǫ− 0.0157657˜ ǫ
2 + 0.029057˜ ǫ
3 + ... , (19.123)
N = 5 : η/ǫ
2 = 7/338 + 0.0161453˜ ǫ− 0.0148734˜ ǫ
2 + 0.0259628˜ ǫ
3 + ... , (19.124)
N = 1 : η/ǫ
2 = 1/54 + 0.01869˜ ǫ − 0.0176738˜ ǫ
2 + 0.0386577˜ ǫ
3 + ... . (19.125)
These series can again be extended by four more terms f4 ˜ ε4+f5 ˜ ε5+f6 ˜ ε6+f7 ˜ ε7, that make the
strong-coupling coeﬃcients ¯ b0,¯ b1,¯ b2,¯ b3, in (19.14) agree with those in Eq. (19.120), we obtain
the additional weak-coupling coeﬃcients f4 ,f5, f6 f7 as described above. However, here we
encounter problems: the η-values from the interpolation come out too large by about a factor
2. Also γ does not interpolate well. The reason for this failure seems to be that the strong-
coupling expansions (19.115) and (19.120) are divergent, whereas the interpolation yields in
general convergent strong-coupling expansions.
Notes and References
A simple exposition of variational perturbation theory in the context of quantum mechanics can
be found in the textbook in Ref. [2], which also contains citations to the numerous publications
preparing the grounds for the recent progress. A certainly incomplete list is given below.
There were two main predecessors coming from diﬀerent directions. From the mathematical
side, the seminal paper was Ref. [3]. From the physical side, the development was triggered by
Feynman and Kleinert in Ref. [1], and its systematic extension to arbitrary order in
H. Kleinert, Phys. Lett. A 173, 332 (1993) (quant-ph/9511020).
The main steps of variation perturbation theory from quantum mechanics to quantum ﬁeld
theory was made in Refs. [5,6,10]. First, still in quantum mechanics, by exploiting previously
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unused even approximants which do not have an extremum, as explained in Chapter 5 of the
above textbook. Second, the determination of the exponent ω of approach to scaling from the
assumption of scaling behavior in the strong-coupling limit, and third, a reliable extrapolation
procedure to inﬁnite order on the basis of the theoretically known analytic order dependence
(the latter being inspired by the pioneering work of Seznec and Zinn-Justin in Ref. [3]). These
three improvements were essential in obtaining extremely accurate critical exponents rivaling
the powerful combination of renormalization group and Borel-type resummation methods.
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D 32, 1389 (1985);
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A. Okopinska, Phys. Rev. D 35, 1835 (1987);
D 36, 2415 (1987);
W. Namgung, P.M. Stevenson, and J.F. Reed, Z. Phys. C 45, 47 (1989);
U. Ritschel, Phys. Lett. B 227, 44 (1989);
Z. Phys. C 51, 469 (1991);
M.H. Thoma, Z. Phys. C 44, 343 (1991);
I. Stancu and P.M. Stevenson, Phys. Rev. D 42, 2710 (1991);
R. Tarrach, Phys. Lett. B 262, 294 (1991);
H. Haugerud and F. Ravndal, Phys. Rev. D 43, 2736 (1991);
A.N. Sissakian, I.L. Solivtosv, and O.Y. Sheychenko, Phys. Lett. B 313, 367 (1993);
A. Duncan and H.F. Jones, Phys. Rev. D 47, 2560 (1993);
For the anharmonic oscillator, the highest accuracy in the strong-coupling limit was reached
with exponentially fast convergence in
W. Janke and H. Kleinert, Phys. Rev. Lett. 75, 2787 (1995) (quant-ph/9502019).
That paper contains references to earlier less accurate calculations of strong-coupling expansion
coeﬃcients from weak-coupling perturbation theory, in particular
F.M. Fern´ andez and R. Guardiola, J. Phys. A 26, 7169 (1993);
F.M. Fern´ andez, Phys. Lett. A 166, 173 (1992);
R. Guardiola, M.A. Sol´is, and J. Ros, Nuovo Cimento B 107, 713 (1992).
A.V. Turbiner and A.G. Ushveridze, J. Math. Phys. 29, 2053 (1988);
B. Bonnier, M. Hontebeyrie, and E.H. Ticembal, J. Math. Phys. 26, 3048 (1985);
These works were yet unable to extract the exponential law of convergence from their data.
This was shown to be related to the convergence radius of the strong-coupling expansion in
Ref. [4]. Predecessors of these works which did not yet explain the exponentially fast conver-
gence in the strong-couplings limit were
I.R.C. Buckley, A. Duncan, and H.F. Jones, Phys. Rev. D 47, 2554 (1993);
C.M. Bender, A. Duncan, and H.F. Jones, Phys. Rev. D 49, 4219 (1994);
A. Duncan and H.F. Jones, Phys. Rev. D 47, 2560 (1993);
C. Arvanitis, H.F. Jones, and C.S. Parker, Phys. Rev. D 52, 3704 (1995) (hep-th/9502386);
R. Guida, K. Konishi, and H. Suzuki, Annals Phys. 241, 152 (1995) (hep-th/9407027).364 19 Variational Perturbation Theory
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